In this paper we have a look at squared squares with small integer sidelengths, where the only restriction is that any two subsquares of the same size are not allowed to share a full border. We prove that there are exactly two such squared squares (and their mirrored versions) up to and including size 17x17. They are shown in Figure 1 (page 2) .
I. INTRODUCTION
Definitions. The general definitions, formulated by S. Anderson (priv. comm. and [1] ): "A squared rectangle is a rectangle dissected into a finite number, two or more, of squares, called the elements of the dissection. If no two of these squares have the same size the squared rectangle is called perfect, otherwise it is imperfect. The order of a squared rectangle is the number of constituent squares. The case in which the squared rectangle is itself a square is called a squared square. The dissection is simple if it contains no smaller squared rectangle, otherwise it is compound."
Additionally, we call a dissection trivial if it contains two elements of the same size which share a full border. In this paper we analyze nontrivial squared squares, and for brevity we say "squared square" instead of "nontrivial squared square". Note that all simple perfect squared squares, all compound perfect squared squares and all simple imperfect squared squares are nontrivial, but it is possible to find many trivial compound imperfect squared squares with small integer size, for example a square of size 2x2, dissected into four squares of size 1x1.
By a result of M. Dehn [2] , a rectangle can be tiled by a finite number of squares if and only if the rectangle has commensurable sides. From commensurability it follows that the squared rectangle's sides and elements can all be given in integers without any common divisor. This explains what we call a small squared square.
This paper is structured as follows: in Sec. II, we prove some basic lemmata and show that there is exactly one squared square up to and including size 11x11. In Sec. III we prove there is no squared square of size 12x12 to 15x15. In Sec. IV we prove that there is exactly one squared square of size 16x16. In Sec. V we prove there is no squared square of size 17x17. In Sec. VI we prove the final theorem as formulated in the abstract.
Remark. The techniques used in this paper have been used by Ian Gambini in his doctoral thesis [3] . Gambini analyzed perfect squared squares and enumerated all perfect squared squares up to size 130x130 with help of the computer, and showed that there are (up to and including size 130x130) exactly five perfect * lorenz.milla@gmx.net squared squares: three of size 110, one of size 112, and one of size 120.
II. UP TO SIZE 11X11
Lemma 1. All squares at the border of a dissection have at least size three.
Proof. We prove that sizes 1 and 2 are impossible:
A square with size 1 in a corner leads to a ≥ 2 and thus to b = 1 which is not allowed:
If a square with size 1 is at the border (and not in the corner), it has two neighbors a and b at the border:
Because a ≥ 2 and b ≥ 2 it follows c = 1, which is not allowed.
A square with size 2 in a corner leads to a ≥ 3 and thus to b = c = 1 which is not allowed: b c a If a square with size 2 is at the border (and not in the corner), it also has two neighbors a and b at the border:
It is already shown (see above) that a = 1 and b = 1. Because they can't have the same size as their middle neighbor, it follows a ≥ 3 and b ≥ 3. It follows c ≤ 2 and because c = 2 it follows c = 1 and thus d = 1, wich is not allowed. If a touched the bottom border, then it would be a = 11 − 4 = 7, but then b = c = 1, which is not allowed. Thus follows that a doesn't touch the bottom border, and so we must have a = 3 and a 4x4 square underneath it. Analogously, we deduce that the whole border has to be 4+3+4 on every side: • If d = 1, then c = 2, then e = 2.
• If d = 2, then e = 1.
Because we don't distinguish mirrored versions we can assume that d = 1 and e = 2. The remaining center part:
We deduce: c = 2, g = 1, h = 2, etc. and get the smallest squared square from Figure 1 (page 2). Because this construction was the only way (apart from the symmetry in d and e), this is the only solution in size 11x11.
III. SIZE 12X12 TO 15X15
Lemma 6. There is no squared square with size 12x12.
Proof. After Lemma 3, there must be one border with at least 3 elements. These have to be at least 4+3+4, where one of them is increased by 1. The center one can't be increased (4+4+4 is not allowed), so we have 4+3+5 (or, symmetrically, 5+3+4) as the only starting possibility: The options for b ≤ 3 are: If b = 2 then e = f = 1 which is not allowed. If b = 3 then g = h = 1 which is not allowed. Thus it has to be b = 1 and thus cef = 2 and thus gh = 2. This leads to i = j = 1, which is not allowed. Proof. We start again with one of the borders consisting of at least three elements (such a border exists according to Lemma 3). The smallest sidelength for which a border with four elements is possible is 4+3+4+5=16. Thus in every squared square with size 13x13 there exists at least one border with exactly three elements. For this border we have several possibilities: If one of the corners in this border has size 4, then we have 9 left for the other two. This leads to 4+3+6 or 4+4+5 or 4+5+4, but 4+4+5 is not allowed. If both corners are larger than 4, we have just one possibility, 5+3+5. But because of Lemma 7 this doesn't make a square. So we have two options left:
1. start with 4+5+4
start with 4+3+6
Try to start with 4+5+4 first:
In positions a we must have a = 3, because a = 4 is not allowed and border elements must have at least size 3. Underneath the a squares, there is a gap of 6 left, which can't be dissected into more than one square, so in both lower corners have to be 6x6 squares. But between these is a gap with size 1x6 which can't be filled. This means that the dissection 4+5+4 isn't part of any squared square.
Next we try to start with 4+3+6:
Then on the left border we have 13 − 4 = 9 left, this can't be done with one square (because it would overlap with the existing 6x6 square), so we have to do it with two squares. As already shown, 4+5+4 is not possible, so we must have a = 3 with a 6x6 below (dashed lines). Next we observe that b ≤ 3, but b = 3 is not allowed and if b = 2 then c = d = 1 which is not allowed. Thus we have b = 1 and cd = 2, thus e = 2 and f = g = 1, which is not allowed. This means that 4+3+6 doesn't lead to a squared square either.
Lemma 9. If a 4x4 square is in the corner, then no neighbor can have size 6x6 or bigger.
Proof. If we had such a situation, then we would have a ≥ 3 because it is at the border:
But a = 4 is not allowed, thus follows a = 3. But then b = c = 1 which is not allowed.
Lemma 10. There is no squared square with size 14x14.
Proof. We start again with one of the borders consisting of three elements (such a border exists according to Lemma 3). First we list all decompositions of a 14-border with 3 or more elements:
• corner: 4, rest of border: 10 ⇒ 4+3+7 or 4+6+4
• corner: 5, rest of border: 9 ⇒ 5+3+6 or 5+4+5
• corner: 6, rest of border: 8 ⇒ 6+3+5
• corner: 7, rest of border: 7 ⇒ 7+3+4 But (because of Lemma 9) 4+6+4 is impossible and (because of Lemma 7) 5+3+6 is impossible. So (because of symmetry) we have two options left: 4+3+7 and 5+4+5.
First we try to start with 4+3+7: a On the left border, the square starting in position a can't reach the bottom (a = 10), because it would overlap the existing 7x7 square. As we have only two possible decompositions of the 14-border into at least three elements (see above) and because 5+4+5 doesn't fit here (we have 4x4 in the corner already), the only possible decompostion of the left border is 4+3+7 (dashed lines). But then we would get a 7x7 substructure in the top/left quarter of the dissection, and in Lemma 4 we showed that such doesn't exist. Thus 4+3+7 doesn't lead to a squared square. This leaves the last decomposition, 5+4+5:
Here a can't reach the bottom because then we'd have b = c = 1. And because 5+4+5 is the only remaining decomposition with more than two elements, the square must be surrounded by 5+4+5 on each side (see above). Now we must have b ≤ 2, otherwise d = e = 1. But if b = 2 then f = 1 and g can't be filled. So we must have b = 1. A symmetrical argument leads to d = 1 and g = 1, so cf = 2. But now h can't be filled.
Lemma 11. It is not possible to complete a border decomposed 4 + 3 + x where x ≥ 6 to a full squared square.
Proof. We would have a situation like this::
First we observe that e = 4. If we had a = 2 then c = d = 1. If we had a = 3 then e = 3 (dashed) and the gap between a and e couldn't be filled. Thus we have a = 1 and b = 2 (dashed lines). Now we have two possibilities: Either e = 3 (but then f = 2, g = 1, and h can't be filled) or e = 5 (but then also g = 1 and h can't be filled).
Lemma 12. There is no squared square with size 15x15.
Proof. We start again with one of the borders consisting of three elements (such a border exists according to Lemma 3). First we list all decompositions of a 15-border into three or more elements. If a decomposition appears for the second time, it is put in brackets:
• corner: 4, rest of border: 11 ⇒ 4+3+8 or 4+5+6 or 4+6+5 or 4+7+4
• corner: 5, rest of border: 10 ⇒ 5+3+7 or 5+4+6 (or 5+6+4)
• corner: 6, rest of border: 9 ⇒ 6+3+6 (or 6+4+5 or 6+5+4)
• corner: 7, rest of border: 8 ⇒ (7+3+5) Here a can't reach the bottom (otherwise b = c = 1), so we must have 5+4+6 on the left border (dashed lines). Now b ≤ 2 (otherwise d = e = 1). But if b = 2 then f = 1 and g can't be filled. So we must have b = 1. Now if cf = 2 then g = 1 and h can't be filled, so we must have cf g = 3, and thus de = 2, thus i = 1 and j can't be filled.
IV. SIZE 16X16
Lemma 13. It is not possible to complete a border decomposed x + 4 + y to a full squared square if x ≥ 6 and y ≥ 6.
Proof. Such a decomposition would look like this: Proof. In size 16x16, a border can be decomposed into four elements: 4+3+4+5 and 4+3+5+4. Besides, there are many possibilities to decompose a 16-border into three elements -if a decomposition appears for the second time, it is put in brackets:
• corner 4, rest 12 ⇒ 4+3+9 or 4+5+7 or 4+7+5 or 4+8+4
• corner 5, rest 11 ⇒ 5+3+8 or 5+4+7 or 5+6+5 (or 5+7+4)
• corner 6, rest 10 ⇒ 6+3+7 or 6+4+6
• corner 7, rest 9 ⇒ (7+3+6 or 7+4+5 or 7+5+4)
• corner 8, rest 8 ⇒ (8+3+5)
• corner 9, rest 7 ⇒ (9+3+4)
Lemma 7 cancels out 5+3+8 and 6+3+7. Lemma 9 cancels out 4+7+5 and 4+8+4. Lemma 13 cancels out 6+4+6. Lemma 11 cancels out 4+3+9. This leaves the following three possible decompositions into three elements: 4+5+7, 5+4+7 and 5+6+5. Because a is at the border it must be a ≥ 3. Because a = 4 we have a = 3 and b = 1. Because c ≥ 4 we have d = 2. If we had e = 1 then we also had f ≥ 2 and g = 1 which is not allowed. Also e = 2 is not allowed. If we had e = 3 then we had h = i = 1 which is not allowed. Thus we can conclude that e = 4 (dashed lines). Now if we had c = 4 then j = k = 1 which is not allowed. Thus we have c = 5 and l = 4, thus m = 3 and n = 1. Now because o ≥ 4 we have p = 2. Thus q = 1, thus r can't be filled. If we had f = 1, then g ≥ 2 and h couldn't be filled. But f = 2 is not allowed, so we have f ≥ 3. From this we get i = 3, thus j = 4. Because we must have k = 1 and l = 2 to fill this gap, it follows m ≤ 4, thus m = 3, thus n = 1, f = 3 and o = 3. But now p can't be filled. Here we must have f = 5 until the bottom. Because there is no 16-dissection starting with 5+3+. . . , it follows g = 3, so we must have g = 4 and h = 1. From this follows i = 5, thus j = 3, k = 1, and l can't be filled.
Third and finally we start with 5+6+5: The left and right border must both contain at least 3 elements, because if we put a 11x11 on one side it would overlap the 6x6 from the top border. They have be (top to bottom) 5+4+3+4, the only possible remaining 16-dissection with a 5x5 in the corner (it is the only one because 5+6+5 would overlap). This is already shown in the picture above. On the bottom border we can't put just one big 9x9 square, because we couldnt' fill the gaps to the left and right. So we must put 4+5+3+4 (or, symmetrically, 4+3+5+4) onto the bottom border. Because we don't distinguish symmetrical versions we can assume that we have 4+5+3+4 (dashed lines). We must have a = 1, b = 2 and c = 1 (dashed lines). If we had d = 3, then e = f = 1. So we must have d = 2 and g = 1 (dotted lines), thus h ≥ 2, thus i = 1 and j can't be filled. Because this was the last possible way to dissect a 16-border into three elements we have finished the proof of Lemma 14.
Lemma 15. Every squared square with size 16 has four elements on every border.
Proof. There are two possible dissections into four elements: 4+3+4+5 and 4+3+5+4. From Lemma 14 we know that we can't decompose a 16-border into three elements. But from Lemma 3 we know that there must have at least 6 elements along the border. And because it is not possible to decompose a 16-border into five or more elements, every 16x16-square must contain at least one border dissected into exactly four elements.
If we start with 4+3+4+5, then we can't have a 12x12 square on the left border until the bottom, because it would overlap the existing 5x5 square. We also can't have a 11x11 square on the right border until the bottom, because the gap between this and the upper border elements can't be filled.
If we start with 4+3+5+4, then we can't have a 12x12 square on the left or right border until the bottom, because it would overlap the existing 5x5 square.
So we can assume that we have four elements on the top border, and we deduced that we must have four elements on the left and right border too. Thus follows we have at least three elements on the bottom border too (because we have 4x4 or 5x5 in both bottom corners, and there is no remaining dissection of the 16-border into three elements).
Thus we have proven that every 16x16 square has four elements on every border. First we observe that there is only one way (A1) to complete the borders between the corners A (see below). If there is a 4x4 in the corner, then it is not possible that both neighbors are 5x5 (would lead to an overlap). Because of this and because we don't distinguish symmetric decompositions, there are only two ways (B1) and (B2) to complete the corners B and only one way (C1) to complete the corners C: Now we will try to fill the center parts of these four dissections and we'll observe that only (C1) leads to a (unique) squared square.
The remaining center part of (A1): Because f ≥ 2 we must have e = 1. But if f ≥ 3 then g = e = 1, so we must have f = 2 (dashed lines). We must have h ≤ 3. But if we had h = 3 we would get i = j = 1, which is not allowed. h = 2 is not allowed because of f = 2, so we must have h = 1. But then k = 2 and thus l = 1, which is not allowed. This means that the center part of (A1) can't be filled.
The remaining center part of (B1):
We must have a ≤ 3, but if a = 3 then b = c = 1 and if a = 2 then d = e = 1, thus we must have a = 1. It follows de = 2, thus bc = 2 (dashed lines). But now f = g = 1, which is not allowed. Center part of (B2):
We have to fill the left border from a to b. First we observe that a = 1, because otherwise we had c ≥ 2 and d = 1. Analogously we have b = 1. So we have a ≥ 3 and b ≥ 3. But a = b = 3 is not allowed, thus ab = 6. But now e = f = 1 which isn't allowed either. Center part of (C1):
The outmost squares have to be 1x1, thus the neighboring squares have to be 2x2. The remaining 6x6 in the middle can't be furtherly dissected into squares because of Lemma 4. Thus this is the only possible dissection of the center part of (C1) into squares. The whole 16x16 solution is shown in Figure 1 on page 2.
V. SIZE 17X17
Lemma 17. The following pattern can't be completed: 5x5 in the corner with both neighbors 3x3 on the borders, and 4x4 squares neighboring the 3x3 on both borders (see below).
Proof. The described situation would look like this:
Here we already filled the gaps with dashed lines, because this is the only way they can be filled. But now we have a ≥ 2, thus b = 1, but then c can't be filled.
Lemma 18. There is no squared square of size 17x17.
Proof. First we list all possible 17-dissections into three or more elements which have minimum size 4x4 in the corners and minimum size 3x3 at the border. We list them in ascending numerical order:
(6) 4+6+3+4 (7) 4+6+7 (8) 4+7+6 (9) 4+8+5 (10) 4+9+4 (11) 5+3+4+5 (12) 5+3+5+4 (13) 5+3+9 (14) 5+4+3+5 (15) Of these 30, most appear twice (in both directions). The remaining ones: Now we also apply Lemma 7, 9, 11 and 13 to cancel some out. The remaining dissections:
(1) 4+3+4+6 (5) 4+5+8 (11) 5+3+4+5 (15) 5+4+8 (16) 5+7+5 (21) 6+5+6
We need to prove that none of these six 17-dissections can be completed to a squared square. First we do (5), (15), (16). Then (11). Then (1) and (21) together.
(5): 4+5+8 If we start with 4+5+8 on the top border, we must extend the 4x4 in the square with the 4+3+4+6-dissection on the left border, because both 4+13 and 4+5+8 would overlap. Thus we get:
So if we had a = 1 then b ≥ 2 and c couldn't be filled. a = 2 is not allowed. If we had a = 3 then d = e = 1. If we had a = 4 then f = g = 1, thus 4+5+8 doesn't lead to a squared sqare.
(15): 5+4+8 If we start with 5+4+8, we must have the following situation: a b
If we had a = 3, then b couldn't be filled (because only b = 2 would be allowed, and here we couldn't fill the gap between b and a). But now Lemma 17 applies to the bottom left corner and tells us that the center part of this can't be completed, thus 5+4+8 doesn't lead to a squared square. Now we can't have 5+7+5 on the bottom border (otherwise a = b = 1), so we have 5+4+3+5 or 5+3+4+5 on the bottom. Because we don't distinguish symmetric solutions we can assume the dahed decomposition of the bottom border. Next we already marked the 2x2 and 1x1 squares in dashed lines. Now we will show that a can't be filled: If a ≥ 4 then c = 1 which isn't allowed. If a = 3 then d = 2 but then e = f = 1 which is not allowed. If a = 2 then d = 3 but then g = h = 1 which is not allowed. If a = 1 then b ≥ 2 but then i = 1 which is not allowed. Thus a can't be filled, thus no squared square can contain a 5+7+5 border.
(11): 5+3+4+5 If we start with 5+3+4+5 on the top border, we need to complete the left border starting with a 5x5 square. The square x can't reach the bottom, otherwise x = 17 − 5 = 12 and l = h = 1. So the left border has to be dissected into at least three elements, but the only possible 17-dissection with three or more elements is 5+3+4+5. Analogously we deduce that we must have 5+3+4+5 on every border. The only choice we seem to have is the direction (on every border: 5+3+4+5 or 5+4+3+5). But Lemma 17 says that in this dissection it is not possible to have 3x3's on both sides around a corner, thus the only possible arrangement is the following (or the mirrored version): Again, we already marked the 1x1 and 2x2 squares on the border of the remaining center part. First we observe that a ≤ 3, otherwise b can't be filled. Then we observe that a = 1 because otherwise c ≥ 2 and d couldn't be filled. If we had a = 2 we would get e = 3, but then f = g = 1 which isn't allowed. So the only remaining possibility is a = 3 (and thus e = 2) (dotted lines). Now if h = 3 then mn can't be filled. Thus h = 2 and i = 1 (dotted). But now we must have j ≥ 2, but now kl can't be filled. Thus 5+3+4+5 doesn't lead to a squared square either.
(1): 4+3+4+6 and (21): 6+5+6 These are now the only remaining dissections of the 17-border into three or more elements. If we start with 6+5+6 on the top border, we can't have only two squares on the left (or right) border (because we couldn't fill the gap underneath the top 5x5 square). The same is true if we start with the 4+3+4+6 (because we couldn't fill the gap beneath the top center 4x4 square). But these two dissections can be combined in different ways, leading to different squares in the corners (4x4 or 6x6):
• If four 6x6 squares are in the corners, the border-dissections must be 6+5+6 on every border (see I).
• If three 6x6 squares are in the corners, there must be 6+5+6 on two borders and 6+4+3+4 on two borders (see II).
• If two 6x6 squares are in the corners, there must be 6+4+3+4 on every border (see III).
• one or no 6x6 squares in the corners is impossible. (dashed). Now we must have i ≥ 2, but i = 2 would lead to j = k = 1, thus i = 3 and l = 1 (dotted). Similarly, we have m = 3, n = 1, o = 1 (also dotted). Now we show that p ≤ 4 can't be filled: p = 1 is not allowed. If p = 2 then q = 1 and r can't be filled. If p = 3 then s = 2 and tu can't be filled. If p = 4 then s can't be filled.
In the remaining center part of (III) we start by inserting the results from the beginning of the center part of (II) ( 
